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Parametrical curves. Interpolation polynomials

P(t) = (x(t), y (t)) —a point of a parametrical curve
v (t) =dP (t)/dt — speed vector
L(ty,u)=P(t,) + uv(t,) - the equation of a tangent

n(ty)=v.(ty)=(-dy(ty)/dt, dx(t,)/dt — a normal(perpendicular) to a curve
Interpolation polynomials. Initial data: Knots, tangents, power. Boundary conditions.

(The Public's Library and Digital Archive IBIBLIO. An Interactive Introduction to Splines
http://www.ibiblio.org/e-notes/Splines/Intro.htm)

Interpolation on a single interval. Hermite splines

Unit interval (0,1)

On the unit interval (0,1), given a starting point p, at t = 0 and an ending point p, at t = 1 with
starting tangent m, at t = 0 and ending tangent m, at t = 1, the polynomial can be defined by
p(t) = (2t° = 3t* + ) p, + (t° —2t* +t)m, + (-2t +3t*) p, + (t° —t*)m,

where t € [0, 1]. It is the Hermite spline.

Interpolation on (x,.x, . ,)
Interpolating X in the interval (X, ,X, , ;) can now be done with the formula

p(x) = hoo (t) P + th (t)(xk+l — Xy )mk + (_2t3 + 3tz) P T th (t)(xk+l — Xy )mk+1

witht = (X — X,) / (X, , ; — X,). Note that the tangent values have been scaled by
— X, compared to the equation on the unit interval.


http://www.ibiblio.org/e-notes/Splines/Intro.htm
http://www.ibiblio.org/e-notes/Splines/Intro.htm
http://www.ibiblio.org/e-notes/Splines/Intro.htm

MHTEpNoNsALUMOHHbLIM MHOroYIeH JlarpaHxa

NHTepnonaumoHHbIW MHorousneH Jlarpan)ka (Lagrange) — MHoOrousneH
MUHUMaNbHOW CTENEHW, MPUHMMAKOLWNIK 3aZaHHble 3HAaYEeHNA Ha 3ag4aHHOM Habope
Touek. fins n+1 nap uncen (xo, Yo), (X7, Y1)t (X ¥), TAE BCE X; PA3INYHBI,

CYLLECTBYET e4MHCTBEHHbBIN MHOrOUNeH L(x) cTeneHun He 6onee n, ANa KOTOPOro

Lix) =y,
X—X.

BmecTo 3HaueHnn GyHKLUN y; MOTYT BbiTb B3ATbl Y310Bble TOUKM P;. 3aMeTuM, 4TO pasncCHble
nonnHomsl flarpaHxa | (X) He npuHagnexaT BbiNyK/10i 060/10UKe Y3/10BbIX TOUEK.
BO3MOXXHbI OCLIUANIALUUN MEXAY Y3/1aMu.

AHnanornyHo anroputmy Kacrenbxo (de Casteljau), ana cnnanHoB besbe, s nHTepnoasumm JlarpaHxa
cywectByeT anroputm AnkeHa (Aitken) nx ntepayMOHHOro BblUMCAEHMS:

Pi=Pi (t, -/ (6, ~t)+ P, (t-t)/(t, ~t), j=Ln i=0n-j.
http://www.ibiblio.org/e-notes/Splines/lagrange.html

Bbluncnenune 6a3ncHbix nonnHomoB P(t) Buae ncesgokoaa:
for(i=0;i<N;i++){
P=1,
for(j =0;j<N;j++)
if G !=1) P =P*tlD/(li] - tlil); }


http://www.ibiblio.org/e-notes/Splines/lagrange.html
http://www.ibiblio.org/e-notes/Splines/lagrange.html
http://www.ibiblio.org/e-notes/Splines/lagrange.html

Homogeneous coordinates

Homogeneous coordinates of point P (x, y):
(x, y) = (xh, yh, h) after normalization to h (Homogeneity )= (x,y, 1)

Homogeneous coordinates of a vector v (x, y) = P2-P1:
x, y) = (x, y, 0) - the vector is equal to infinity point (improper point)

Linear combinations of homogeneous coordinates. An affine combination
1. wv+v ~v,av+bv ~ v

2. P+v~P

3. P1+P2 not P (while not normalized by 2)

4. P1+t-(P2-P1)=P1+t-v=t-P2+(1-t)-P1 ~ P - linear interpolation

5. P=a-P1+b-P2+c-P3 & a+b+c=1, P - affine combination of points

The middle of a triangle as an affine combination of points:
C = (A+B+D)/3 - a point of crossing of medians of a triangle

The twin-transformation of figures with identical quantity of points (movement, morphing):
P (t) =tween (A, B, t).



Affine combination of Points

Affine Combinations of Two Points
Let P, and P, be points, and consider the expression

P =P +t(P‘_} —Pl)

This equation is meaningful, as P, — P, is a vector, and thus so is t(P, — P). Therefore P is the
sum of a point and a vector which is again a point. For each ¢, the point P represents a point on
the line that passes through P, and P-.

f(Pz*Pl) ___""’-/' P2

'/'.P1+1‘(P2*P1)

P

We note that if 0 < ¢ < 1 then P is somewhere on the line segment joining P, and Ps. If ¢ > 1
then the point P is still on the line, but to the right of P» in our illustration. Similarly if t < 0, then P
is to the left of P;.

We can now define an affine combination of two points P, and P, to be

P = oyPy + auPs

;“é _____________________________ @ Nizhni Novgorod, 2014



Affine combination of Points & Convex Combinations

Convex Combinations

Given a set of points Py, Py, ..., P, we can form affine combinations of these points by select-

ing ap, cey, ..., ag, With ag + 0 + - -- + o, = 1 and form new points
P =oPy+aoP1+---+asPa

If each v, is such that 0 < o, < 1, then each generated point P is called a convex combination of
the points Po, P1, ..., Pn.

Convex Hull

The set of all points P that can be written as corvex combinations of Py. Py, ..., P,, is called the

convex hull of the points Py, Py, ..., P,,. This convex hull is the smallest convex set that contains
the set of points Py. Py. ..., P,,. The following figure illustrates the corvex hull of a set of six points:

Py

P Py

& @ s T



Barycentric coordinates

Etaryr-:::&ntri:: Coordinates
Given a set of points Py, Py, ..., Py, we can write any point P as an affine combination of these
n + 1 points as
P=oPi1+0aPa+---+anPy

where ag+ oy +aa+--- +apy = 1
In this form, the values agp, o, ae, ..., o ) are called the baryceniric coordinates of P relative to
the points {Pp. Py, Pa, ..., Py}

} 7 @ Nizhni Novgorod, 2014



Interpolation curves. Ferguson’s parametric cubic
Curves.

Ferguson’s Parametric Cubic Curves
Given the two control points Py and P, and the slopes of the tangents Pg and P} at each
point, we can define a parametric cubic curve that passes through P, and Py, with the respective

slopes P{, and P’} by equating the coefficients of the polynomial function
P(t) = ao +ait + (Igtg + (1'.3t3

with the values above. Namely

PO) = ap

P(l) = ap+ a1+ as+as
P(0) = a

P'(1) = a1+ 2ay9+ 3ag



Interpolation curves. Ferguson’s parametric cubic
Curves.

Solving these equations simultaneously for ag, a1, as and a3, we obtain

a = P(0)

ai = P(0)

as = 3[P(1)—P(0)] —2P'(0) — P'(1)
as = 2[P(0)—P(1)] +P(0)+P(1)

Substituting these into the original polynomial equation and simplifying to isolate the terms with
P(0), P(1), P'(0), and P’(1), we have

P(t) = (1-3t2+2tHP(0)
+(3t2 — 2t%)P(1)
+(t — 22 + )P/ (0)
+(=t* + tHP'(1)

Lets compare this with interpolational Hermit polynomial
p(t) = (2t° —=3t* + D p, + (t° —2t* +t)m, + (-2t> +3t*) p, + (t°* —t*)m, , where t €[0,1]



Interpolation Hermite splines
(Charles Hermite; 24 Dec 1822 — 14 Jan 1901)

Representations
We can write the interpolation polynomial as

p(t) = hoo(t)po + hio(t)mg + hoi()py + hya (E)my
where hyy,h,4.h,.h4, are Hermite basis functions. These can be written in different ways, each way revealing different properties.

1

expanded factorized Bernstein
o) 20-3C+1 (1+20(1- 1 By®)+By() |
ho(t) -2+t | t(1—1t)? 1/3*B,(t) E —
Moy (1) —208+32 (32 By(t) + B,(t)
hy (1) B2 2(t—1) -1/3*B,(t) : :1

0.2 -

The "expanded" column shows the representation used in the definition above. The "factorized" column shows immediately,
that h,, and h,, are zero at the boundaries. You can further conclude that hy, and h,, have a zero of multiplicity 2 at 0
and hy, and h,, have such a zero at 1, thus they have slope 0 at those boundaries. The "Bernstein" column shows the decomposition

3 ) )
of the Hermite basis functions into Bernstein polynomials of order 3 ( Bi(t) = ( k) R (1 —1)%F),

Using this connection you can express cubic Hermite interpolation in terms of cubic Bézier curves with respect to the four

my my
values P, Po + 3 P — 3 P1 and do Hermite interpolation using the de Casteljau algorithm. It shows that in a cubic

Bézier patch the two control points in the middle determine the tangents of the interpolation curve at the respective outer points.



The choice of tangents. Finite difference.
Cardinal & Catmull-Rom spline

The choice of tangents is non-unique, and there are several options available.

Finite difference
The simplest choice is the three-point difference, not requiring constant interval lengths,

Pi+1 — Py Pi — Prp—1
2($k+1 - Ik) 2(117;; - Ik—l)
for internal points k = 2,...,n — 1, and one-sided difference at the endpoints of the data set.

my,, —

Cardinal spline -
A cardinal spline is obtained if

{1 . C}pk+1 _pk—l

my, —

is used to calculate the tangents. The parameter C is a tension parameter that must be in the Cardinal spline example in 2D
interval (0,1). In some sense, this can be interpreted as the "length” of the tangent.
¢ = 1 will yield all zero tangents, and ¢ = 0 yields a Catmull-Rom interpolation spline. The line represents the curve,
and the squares represent

_ _ _ the control points p, . Notice
CathII—Rom |nterp0|at|0n Sp|lne that the curve does not reach
For tangents chosen to be the first and last points, these
points do however affect the
shape of the curve. The
tension parameter used is 0.1

_ Pri1 — Pr
2

a Catmull-Rom spline is obtained, being a special case of a cardinal spline
(P0=P-1l IDn =I3n+1):-

P(t) = (-t(1-t)°P, +(2—5t> + 3t*)P, +t(L+ 4t - 3t*)P, —t*(1-1)P,) /2

my


http://en.wikipedia.org/wiki/File:Cardinal_Spline_Example.png
http://en.wikipedia.org/wiki/File:Cardinal_Spline_Example.png
http://en.wikipedia.org/wiki/File:Cardinal_Spline_Example.png

IHTepaKTMBHOE KOHCTPYMUPOBAHNE KPUBbIX.
CnnauHbl besbe (Bezier Curves)

KpuBble unu cnnanHbl besbe 6binn paspabotaHbl Nonem ge Kactenbxo (Kactenwo, Paul de Casteljau)
n He3aBucumo oT Hero Nbepom besbe (Pierre Bezier) npumepHo B 1962 rogy. Omn KpmBble Bb1nu
BKITHOMEHbI B CUCTEMbI reoMeTpryeckoro npoektupoBaHusa (CAGD) aByx aBTOMOOWIbHbLIX KOMMAHWIA:
"PeHo" n "Cutpoen".

Anroputm ge Kacrenb)xo (reometTpmnueckmim)

Metop de Casteljau ocHoBaH Ha pa3bueHnn oTpPe3KoB, COEANHAIOLLMX UCXOAHbIE TOYKN B OTHOLLEHUN t
(3HayeHue napameTpa), a 3aTeM B PEKYPCMBHOM NOBTOPEHUN 3TOro NpoLecca Anst Nony4YeHHbIX
OTPE3KOB.

O603Haunm onopHble Tovkn Kak P;, i=0,1,m. Hauyano kpueown nonoxum B Touke P, (t=0), a KoHey, B
Touke P, (t=1), anga kaxgoro t Hangem Touky P(t).

Cnyyan m=1: P(t)=(1-t)P,+tP,

Cnyyam m=2;

Py =(1-t)P, +tP, P =(1-t)P, +tP,

P(t)=P; =(1-t)Py +tP' = (1-t)°P, + 2t(L-t)P, +t°P,

P(t)=tween(tween(P0,P1,t), tween(P1,P2,1),1).




KpvBble be3be (Bezier Curves)

Tenepb noctonm No anroputmy ge Kactenbxo Kpneyro besbe ¢ 4 ONOPHbIMY TOUKAMMW.

Py =(1-t)P, +tP, P'=(@1-t)P, +tP, P} =(1-t)P, +tP,
P? =(1-t)P} +tP' = (1-1)°P, + 2t(1L-t)P, +t°P,
P?=(-t)P +tP; = (1-t)*P, + 2t(1-t)P, +t°P,

Pl(t)=@-t)P? +tP} = (1—-t)* P, + 2t(L-t)P +t*P; =
1—1)°P, +3(1L—t)%tP, +3(1-t)t?P, +t°P, (1)



Bezier Curves. Animated examples

Pf=(@1-t)P, +tP, Pl =(1-t)P,+tP, P, =(-t)P, +tP,
P/ =@1-t)P, +tP} =(1-t)°P, + 2t(L-t)P, +t°P,

P?=@1-t)P! +tP; =(1—t)°P, + 2t(L-t)P, +t*P,

P (t)=A-t)P? +tP/ = (1-t)° P, + 2t(1-t)P +t°P; =
1-1)°P, +3(1-t)°tP, +31-1)t°P, +t°P,

Mo>HO npoAOo/IXaTb I'IO,£I|O6HbIe NOCTPOEHUA U B

ANA 6onblUero umcna Y3108B, NoJiy4das
dHaJ10TMYHbl€ BbIK1a4KW.

oF,
t=0 oP,
of,
P, t=0 oP,
al,
t=0
oF,
t=0 0P,

oP,

oP,



Kpueble besbe. MHOrouneHbl bepHLWwTENHA

Mo>KHO npogomkaTb NogobHbIe MOCTPOEeHUS U Ans BonbLIero
YKCna y3noB, Nonyyast aHanormyHble BblkNnagkv. 3anviem
obLLee aHanUTU4eCKkoe NpeacTaBneHue 4ns kKpueoi besbe ¢
n+1 onopHoi Toukoii: P"t)=> P, B ,

i=0

me Br=Cr.ti@-n" - i!.(n”!_i)! AT A—t)™
n__n - BMHOMMAanNbHbIE KOS DULMEHTHI,
Yot (n—i)! 1
09
Bi”(t) Ha3blBalOTCA 6a3MCHBIMU MHOIO4YIEHaMu 0.8k
BepHwTenHa n cteneHn ool
By (t) = (L-1)°
0.5
Bl3 (t) = 3(1 - t)zt (2) 0.4f O
B2 (t) = 3(1—1) t’ /
3 0.2r- )
/
B (1) =t >, Bt =1
k=0 o




CBoucTBa KpuBbIX be3be

Bezier curve C++ (MFC) Demo

Bezier curve. Lab C++ (Doc)
1) HBapWaHTHOCTb OTHOCUTENbHO addDUHHBIX Npeobpa3oBaHui; U—
2) NHBapMaHTHOCTb OTHOCUTENBHO NIMHEMHbIX 3aMEH NapaMeTpu3aumm; t:—b—

3)KpuBasa be3be NpuHaaneXxuT BbinykioM 060/104Ke ONOPHbIX To4ek (cneayeT m3
reoMeTpMYecKoro cnocoba NocTpoeHus);

CneactBue: Ecnm Bce onopHble TOUKKM NEXaT Ha OAHOM NpsiMON, TO KpuBast besbe
BbIPOXAAETCA B OTPE30K, COEANHSIOLLMI 3TN TOYKMN.

4) Kpueasi besbe npoxoaut yepes P, n P,

5) CVIMMETDVI‘-IHOCTb: €CNIN paCCMaTpuBaTb KOHTPOJIbHbIE TOYKN B NMPOTUBOMOJIOXXHOM
nopsaake, To KpyuBasad He USMEHUTBLCH,

6) CTeneHb MHOroYIeHa, NPeACTaBNSOWEro KpUBYIO B aHaIMTUYECKOM Buae Ha 1
MEHbLLIE YMC/a OMOPHbIX TOYEK;

7) BekTopbl kacaTenbHbIX B Toukax Po n Py konnuHeapHbl PoP: n Py..P

QD

COOTBETCTBEHHO


Support/Bezier_Demo.exe
Support/Bezier_Demo.exe
Support/BezierC++_Lab.doc

Rational parametrical Bezier spline forms

Rational parametrical spline forms

Each of coordinates is defined as the ratio of two polynomials:

P,(1-1)* + 2wPt(1—t) + P,t* 3)
(1-t)* +2wt(1l—t) +t°

P(t) =

If w <1 — an ellipse, if w=1 — a parabola, if w> 1 — a hyperbola, limited by polyline P,P,P.

If w <0, we are getting additional part of a corresponding curve (with points P"), and
points P'(t) are collinear to the P;P(t). P
1

WwW—00




B-cnnanHbl 1 NURBS

B o0uiem cnydae B-criaiiH COCTOUT U3 HECKOIBKHUX
CIUIAITHOBBIX CETMEHTOB, KaXK/IbIil U3 KOTOPBIX ONpeeIeH
KaK HaOop ympapistomux Touek. KoagduimeHTor
MHOTOUJIEHA OyAYT 3aBUCETh TOJIBKO OT YIPABJISIOIIUX
TOYEK Ha PacCCMaTpUBAEMOM CETMEHTE KPUBOM. DTOT

3¢ (deKT Ha3bIBAETCS JOKAIbHBIM YIPABICHUEM, [1OCKOJIbKY
nepeMelieHre yupasisitouiell TOUKy OyIeT BIUAITh HE Ha
BCE CErMEHTBI KpUBOM. PUCYHOK ITOKA3bIBAET, KaK
yhnpasisonias Touka P, iokansHO BiusieT Ha popmy
KPUBOM.

Ecnu xoopauHartsl (X, Y, Z) TOUKH KPUBOU MPEACTABIICHBI B
BH/JIC PAllMOHAIBHOM JIpo0OH,

x= X0 YO 20
we' o w@e) T w(

TO TOBOPAT, 4TO B-CrutailH pariuoHanbHbIN, MHAYE —
HEPALMOHAIBHBIN.

® Knot

& Control point

CymectByrot 4 Tuna B-criaiiHOB:

- paBHOMEpPHBIE HEPAIL[MOHAIbHBIE;

- HEpaBHOMEPHbBIE HEPALIMOHAIbHBIE;
- PaBHOMEPHBIE PAILlUOHAIIBHBIE;

- HEpaBHOMEPHBIE pallMOHAIbHBIE.

# X(1)

[Tocnennuii, HanOoIee o0l Tl B-cIuTaitnos,

u "HaseiBaroT NURBS.



B-cnnanHbl 1 NURBS.

MaTeMaTU4eckme BblpaXXeHUs! ANns KpUBOW U NMOBEPXHOCTU

Zp:Bi'”(t)PiWi Zp‘,zq:Bi,n (U)B; (V)P ;w

i=0 j=0

P(t) _ |=0p -KpHUBas; S (u , V) s -IIOBEPXHOCTB,
;Bi,n Ow, ZZBi,n (U)B; (V)W ;
i= i=0 j=0

rae, 6azoBast PyHKLIHS Bi n OTpezenena pekypcuBHo Gpopmynamu Kokca-ae bypa:

. 1, tlgt<tl+l t t I+k+l_t
B,,(t): Bio(t)= vk >0, B, (t) = t Bi 1 (t)+ ————Bi,. 1 (t)

O, unaue ti+k — L — G

W; j — Bec ACCOLMMPOBAHHBIN C YIPABIAIOIIEH TOUYKON PI ! 1<k<n, N=P-1 — crenens nonuHOMOB, P —

nopsA oK B-critaiiHa u 4nciio cerMeHToB nmoaaepxku, [P+1 — uncio y3nos nogaep:xku, mpuasato, aro 0/0=0.
] 2 2

Touka kpuBOH (MIOBEPXHOCTH) SBISETCS CPETHEB3BEIICHHBIM YIPABISAIONINX ToUeK. bazoBas GpyHKums Bi n
OIIpENENIeHa PEKYPCUBHO.

p
CBoiicTBo: Cymma 6a3uCHBIX (DyHKITHIA Z Bi’n (t)=1
i=0

(4)



B-cnnanHbl. NURBS

MHOXECTBO CTbIKOBOYHbIX (yHKLMK B; . Pekypcus Kokca-ae bypa

B, ,(t) -CTbikoBOuHbIE DyHKLMM, ONpesenstoLLme

UYNCNO N CTEMNEHb BJIMAHUA Y310B NOAAEPXKKH, 1.5 -

| — HOMep NepBOro y3na NoAAePXKH,
N — cTeneHb NOMHOMOB, N+2 — YNCIIO Y3/10B.

g - .
B (1): B ()= 1, t, <t<t, S HOKATLHOCTE cTeneHb=1, uHtepsan [0,2], umcno ysnos=3
S "0 0, uHaue N
t _t| ti+k+l _t 0.5 -
Vk>0, B () = ———B; (1) + B 1. () ©
| [Tl G — T | /
p . . . .
1<k<n. CBOHCTBO: Z Bi’n (t)=1 (5) CT1eneHb=2 , MHTepsan [0,3], uicno ysnos=4
i=0 [

NURBS umeer Bce npenmyiiecTsa be3be-crmiaiHoB, a Takxke
cIeayromme:

05 -

" [IpU PaBEHCTBE BecoB W; enunmile (6) mpespaniaercs B (1);

" YHBAPHAHTHOCTH OTHOCHUTEIILHO MTPOCKTHBHBIX MPEOoOpa30BaAHMIA,

" BO3MOXKHOCTb JIOKQJILHOTO YIIPaBJICHHUS KPUBU3HOH CILIaifHa, i -

" HaJIMYKE BECOB ISl YIIPABIISAIONUMX TOYEK: elle Oojiee THOKue. creneHb=3 , UHTepBan [0,4], uncno ysnos=>5



B-cnnanHbl. NURBS
[IpUMep CTbIKOBOYHbIX (PYHKL MM

Mpumep 0 CTBIKOBOUHBIE (PYHKITUU

CTbIKOBOYHas KycoyHas kpuas g(t) BTopon ctenexu 0'7 /T

3 nopsiaka - ¢ noAaepXXKon Ha uHtepsane [0,3]: ' /\ \

a(t)=t2 /2, 0<t<1; 06
0.5

_ : b(t)=(2t(3-1)-3)/2

b(t)=(2t(3-t)-3)/2, 1<t<2; (4) o, ateen / (H)=(2t(3-1)-3) C(O=(31712

c(t)=(3-t)%/2, 2<t<3 >
0.3

CB-BO: a(t)+b(t)+c(t)=[t2-+2t(3-t)-3+(3-t)2]/2=3 V4 X
0.2

= HopMupoBKa - paBHOMEpPHbIN paunOHasbHbI B- / \

crinaviH 0.1
3apaua: obecneunTb CTbIKOBKY 3aaHHOro nopsaka % 1 2 3
rnagkocTtu !l t
0.75 T
/ \
NN i Toukun ae bypa
/ \.\ /' \
%25 T \\
- N .




B-cnnanHbl. CBOUCTBA

CeBouncTBoO 1: B 0611eM cnyyae B-cnnanH HeE NpoxXoauT Yepes3 KOHEYHbIE TOYKU

P(t) =B, (P

P(t) - apdurHHas
KOMBMHaLMA TOYEK.

B npegenax (n+1) cermeHTa
noAAep>XXKK — BbINyKNas
KOMBMHaLUA ToYeK

== [Ipnmep B-cnnavHa
Py 4-U cTeneHun

Py

! | l 1 | L Il 1 | 1 | L 1 | — l |
I T T T T T T T T T T T T T 1 1 T

to i1tz I3 ta st by ts lg 1o ti to tiz  tuatis tis it



o — degree n
B-cnnauHbl.
CeTku y3noB 1 (bOpMa B-crinanHos — control points d. ... ,d,,_; € R? or R®.

— knot vector tg <t} < --- < tpan

Let Fl(u) = z;inl N'(u) d; a B-spline curve of degree n over the knot vector 7". Then the

following properties hold true:
(1) In general there 1s no endpoint interpolation.

(2) Fort; < u < t;i1, F'(u) lies in the convex hull of the n + 1 control pointsd; ,,,... ., d;
(“local convex hull™).

Figure 1 : Local convex hull

(3) Local control: For u € [t;,t;11) the curve is independent of d; for j < i —nand j > i.

(4) If n control points coincide, then the curve goes through this point and 1s tangent to the
control polygon (Fig. 2 ).



B-cnnanHbl 1 NURBS.

CeTKun y3110B 1 CBOUCTBa B-cnnanHos

(4) If n control points coincide, then the curve goes through this point and 1s tangent to the
control polygon (Fig. 2 ).

dj1 =dj =dj

Figure 2 : n = 3 control points coincide

(5) If n control points are on a line, then the curve touches this line (Fig. 3 ).

dji1

Figure 3 :n = 3 control points on a line
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(6) If n + 1 control points are on a line L, then F(u) € L fori{; < uw < t;., 1.e. a whole
segment of the curve F'(u) coincides with L (Fig. 4 ).

-
d‘} 1 d} J+1 d‘}'—l—Q

Figure 4 :n + 1 = 4 control points on a line

(7) Derivative:

T
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Bekrop y3710B onpeiesnser HHTepBaIbl MPOCTPAHCTBA TAPAMETPOB, HA KOTOPBIX OIpe/IesieHbl 0a3ucHbie GyHKImH. Ecu
ar MeKJIy y3JaMH IMOCTOSTHEH, TO OHHM Ha3bIBAIOTCsA paBHOMepHBbIMHE (UNiform) unaue non-uniform. Eciau Mel npuMemM,
gro (0/0) := 0 B onpenencHnn 6a3UCHBIX PYHKIUH, TO OyJeT pa3pelieHa KpaTHOCTh y3JI0B. Takue y3i1bl Ha3BaHbI
noBropsirorumucs (repeated). Eciu mepBbiit n mociieaHuit y3iel repeated n + 1 times, To BekTop Ha3bIBaeTCs Open.
Figure 1 mokaspiBaet 6a3uchl creniern 1 and 2 Ha paBHOMEPHOM BEKTOpE y3710B. JIJisl TaKKMX Y37I0B Oa3uCHBIC PYHKITUH
N".(t) omMHAKOBBI C TOYHOCTHIO JI0 MAPAIUICTHHOTO MTEPEHOCA.

i ~ N] NJ Nj i
2 2 2
0.8 0.8 - Ny N3 —N
0.6 0.6 o
/ 4 /

0.4 0.4 y . P
02 02 J, “___5.;/ MH""\-._\_\___

0 1 1 | 1 o 1 1 - — 1 1 i ]

0 1 2 3 4 5 0 1 2 a 4 5
Figure 1: Basis functions of degree 1 and 2 on uniform knot vector

Figure 2: Basis functions
of degree 2 on non-uniform
knot vector

3 4 5

B o0miem ciyuae 6a3ucHbie (yHKIIMH CTEeHH N UMEIOT N-1 Hempep. MPOoU3BOIHYIO, HAIPUMEp, KBaJApaTHUHbIe (-1 Be3ae
C! nHenpeprIBHBI. DTa HEMPEPHIBHOCTH MOYKET OBITH MOHMKCHA TOBTOPEHHEM Y3II0B B BEKTOPE y37I0B. basucHbie QyHKIMN
CTAHOBSITCSI HHTEPIIOJISIIIUOHHBIMU €CJIH KPaTHOCTh BHYTPEHHETO y371a focturia N (cM. Figure 2, roe Mbl HCrob3yeM

HEOTHOPOTHBINA OTKPBITHIN BEKTOP y3710B). A T.K. KpaTHOCTH y3JI0B Ha KOHIIax paBHa N+1 (QyHKIINHU CTaHOBSITCS
MHTEPIIOIAMOHHBIMYA HA KOHIIAX.



B-cnnanHbl 1 NURBS.

CeTKkn y310B

Bo3moxHbIE CeTKH y3JI0B:
1)PaBroMepHbIe: [0 1 2 3 4] — neHopmuposanHasi, [0 0.25 0.5 0.75 1] — HopmupoBaHHas. PaBHoMepHbIe
IIOCJICZIOBATEIIBHOCTH Y3JIOB TIOPOXKIAIOT MIEPHOANICCKUE paBHOMEPHBIC (YHKIIMH Oa3nca, I KOTOPhIX

B,,() =B, (t-1) =B, ({t+1

2)OTKpBITBIE PABHOMEPHEIE:
Y OTKpBITOr0 pABHOMEPHOTO BEKTOPA Y3JIOB, YUCJIO OJMHAKOBBIX Y3JIOB Ha KOHIIAX PABHO NMOPAIKY B-crutaiina:

i+1,n

p=2 [0012344], [001/41/23/411]
p=3 [00012333], [0001/32/3111]
p=4 [000012222], [00001/21111],
3)HepaBHOMepHbBIE

HeonHopoaublii panuoHaibHblii B-cniiaitn (NURBS) 3 crenenn Ha orkpbiTom untepBadie [0,1]:
w,P,(1-t)° +3w,Pt(1—t)* + 3w, P,t*(1-t) +w,P,t°

P(t) =
® W, (L—-1)° +3w,t(1—1)* +3w,t*(1—-t) +w,t°

(6)

- PalMOHAJIbHBIN CcIUIaiiH be3be — 310 yacTHbI ciay4ail NURBS Ha oTKpBITOM HOPMUPOBAaHHOM BEKTOPE
y3J10B.
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